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Infinite-Order Phase Transition
in a Classical Spin System
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For an exactly soluble classical spin model with long-range inhomogeneous
coupling it is proved that in the absence of external magnetic field the free
energy is a C*™ function of the temperature at the critical point.
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1. INTRODUCTION

Recently, various one-dimensional models with inhomogeneous interaction
have been introduced as simple examples of a phase transition. Such results
have been mainly concerned with nearest neighbor potentials and unboun-
ded coupling."* However, inhomogeneous spin systems also provide the
means of studying the influence of very long-range potentials on the critical
behavior.

The object of this paper is an exactly soluble classical spin model with
an inhomogeneous coupling decreasing roughly as |i — j] ~! (such a decay
would correspond to the boundary case ¢ =2 of the hierarchical model®),
This interaction results in a rather unusual critical behavior. We consider
a system of classical spins {o,};. n, 6;= +1, in the presence of a magnetic
field 4 = 0. The Hamiltonian is defined by

A, = H ({0} 1<icns B)= — Z jﬁl“i"j—h 2 g, (l1a)

I<igjsn 1<i<n
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This result can be obtained by standard methods; we give an intuitive
picture and only sketch the proof. Consider first the parametric form of
(1.10a): ‘

Y= —pX,(1- Y3)

. 2.1
Xp=Yy—Xp

The phase portrait of Eq.(2.1) is given in Fig. 1. Taking wy(-)=
tanh~'[y4(-)] in Eq. (2.1), one obtains

W+ Wy + B tanh wy =0 (22)

describing the damped motion of the classical particle in the potential well
Vg(w) = B log cosh w. The function y; corresponds to the solution of (2.2)
with wy(—o00)= o0 and Wy(—o0)= —f (which is the terminal velocity in
{2.2)). The point w=0 is a stable equilibrium point. In a neighborhood of
the origin, log cosh waw?/2 and Eq. (2.2) approaches the equation of the
damped oscillator. The latter is over (under)damped for § < g.(f > B.) and
critically damped for

p.=1/4
Briefly, a proof is obtained as follows.

1. First, it is shown in the usual way that (1, 1) is a saddle point of
Eq. (2.1) for all e R* while (0,0) is a stable node for fe (0, 8,] and a
stable focus for f> f,.. As is known in the two-dimensional autonomous
case, the trajectories approach a stable node along one of the critical direc-
tions {which are given by y=x/2-[14 (1 —48)"?] in our case}.

2. In a neighborhood in [—1, 1]% of (1, 1), there exists a unique
solution of (2.1) tangent to the unstable direction

y=(x—-1)1+28)+1 (23)

o L
Fig. 1. (a) Phase portrait of Eq. (2.1) for p < .. (b) Phase portrait of Eq. (2.1) for > 8.
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This follows from the behavior of trajectories near a saddle point® (the
existence of such a solution also follows from the proof of Lemma 3.1 given
in the Appendix).

The second trajectory approaching (1, 1) is a singular one, with
Yg(t)=1; this trajectory gives the stable direction at (1, 1).

3. The total energy of the particle in (2.2) gives a Lyapunov function
for Eq. (2.1). The Lyapunov function is used to prove that the solution
obtained in step 2 extends to the whole real axis and also that, for this
solution,

(Xp(2), Yp())e(—1,1) for teR (24)
(Xp(2), Yp(£)) = (0, 0) for t— (2.5)
To summarize these intermediate results, we have the following.

Lemma 2.2. For each feR™ the system (2.1) has a unique solu-
tion (X4(-), Y4(+)): Ri—> (—1, 1)* for which the path is tangent to the line
(23)at x=y=1.

Computing the field direction across the line y = x, one can show by
the previous lemma that

Xy(1)> Yy(r)  for re(—oo, 1) (2.6)
where t;=inf{r: X4(1)=0} for >, and 15=co for f<f,. The function
¥ 1s now defined by its graph

v =1{(Xp(2), Yp(1)): te (=00, t5)} (2.7)

where A denotes the closure of the set A.

It is easy to see that this is a correct definition and that y, satisfies
(1.10a)~(1.10c). In view of step 2, y, is the only solution of (1.10a)—(1.10c);
the regularity of the obtained y, is obvious. [

Lemma 2.3. (i) yp(x)>0for xe(0,1) and geR™*. Also,

yp(x)>x/2-[1+(1~-48)"2]  for (x p)e(0,1)x(0,p.] (2.8)
y4(0)=0 for Be(0,8.] and y40)e(—1,0) for B>p. 2.9)
(i) yjextendstoa C[0, 1] map. We have yy(1)=1+2pfor e R™;
vp(0)=1/2-[1+(1—4p)'?]  for Be(0,.]
y5(0)=0 for f>8.

(iii) y, converges uniformly, as § — 0, to the function yo(x)=x, the
singular solution for =0 of the equation yx(y, —x)=fx(1— y;’;).
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If (2.17) holds, then, taking ¢,(k)=f,(k) )T k), we get
k ) Jalk+ 1) (k+ 1)

n+1

¢n+1(k)=¢n(k+1)exp(
k k—
+¢n(k—l)exp< m) 7(

from which it follows inductively that

n

const-exp(— Y s}><¢n+1(k)<const’-exp<z e}), keS,.,, neN
j=1

j=1
implying (2.14).

Remark. The second factor in (2.16) [which obviously does not con-
tribute to (2.14)] was added in order to allow the inductive approach to
the problem. It originates in the fact that, for §> ., the limit probability
distribution is actually a superposition of two states, corresponding to
opposite values of the magnetization.

For the proof of (2.17) it suffices to consider that » is large enough
and k> 0. Define for 0<k<n—1

6 =owp | 78t (P2 ) v 1) 6o (5538 |

Also, let x,,, ,(n+1) be given by the above expression and An1(n+1)=0.

1. First we show that, for some {¢, }, . With &, =0 as n— oo,
Noglu, (k) + 1, (k)] <e, forO<keS, . ;, neN

For 0<k<n-—1,

7n+1(k)~eXp[+ﬂ;k—+< « i1>G6( a ;ﬁ)

with

It is easy to see that G§(x; B) < B for xe (0, 1). Then, by (1.9a) [observing
also that x,7, (n+ 1)+, (n+1)=1],

log[y,!, (k) + x,, (K)]1<2Bn! for O0<keS,.,
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For a lower bound, let A(f) be such that for all xe(0,1),
1GJ(x; B) < AB)(1—x) ' [see (2.12)]. For 0<k<n—logn, we get

loglyx, , (k) + x, . (k)]1> —const- A(f)/log n

Then, for n—log n < k <n, noting that by (2.12), Gy(x; f) is decreasing for
x close to 1, we obtain

log[x,, (k) + 2,11 (k)]
= log y,. 1(k)
= f(n—logn)/(n+1)—Gy((n—logn)/{n+1);)—-0 as n—ow

since Go{-; f) is continuous.
2. For k=0,

T4 1(0) = {exp[G(0; B) — Go(0; B)]
1
+exp[ —Gol0; B) — Go(0; B) 1} exp [5’; Go(&; /3)]

where £ e(0, 1/n); (2.17) is obtained from (2.13) with &, = const{f)/n. For
0 <k <logn, we write
Tn+1(k)
L1 (k) + 2,y 1K)

=(l+e )" {1 b Lotk e T H iy (k) "a}

X:H(k) +Xn_+1(k)
(2.18)
Note that

Xnil(k) exp(F«) ZX;;Z (k) Xg+1(k)
with

- k
Ao+ (k) =exp [J‘rzﬂmizfc;o”(c; ﬁ)] (2.19)

k—1 1
5e( 5‘{:—) (e(0,8)

n

Regarding the expression obtained after the substitution of (2.19) into
(2.18) as a weighted mean of x°, |, one obtains an estimation for &,, in this
region, of the form const(8)/log n.

Finally, for ke (logn, n+ 1] it follows directly from (2.18) that

log{[x,y (k) +x, (k)1 T, (k)}| <const-n *

On account of step 1 above, this completes the proof of (i).
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APPENDIX

Proof of Lemma 3.7. Note first that the only problem is the
analyticity near the singular point (1, 1). It is sufficient to prove analyticity
on (x,, 1) x R™* for some x,, since on (0, 1), y4(x) <x and the solutions of
(1.10) depend analytically on (f, x) and the initial conditions in any
domain of regularity of the rhs of (1.10). In order to obtain the analyticity
near the critical point, it is convenient to consider y; as a perturbation of
its asymptotic expression for x — 1, which behaves analytically. With
xz=yy ', define £4: (0, 1)~ R by

Eg(w)=[1—xp(tanh w)] exp w (A1)
By (1.10),
d¢, . _(l—tanhw)ew——éée*‘”
gy =0 G- (A22)
and
lim &4(w)=0 (A2b)

In view of the definition of &4, it is easy to see that Eqgs. (A.2a) and
(A.2b) have a unique solution and also that the needed analyticity of y, is
equivalent to that of &4 on (wy, ) x R* for some w,. The second term in
the rhs of Eq. (A.2a) vanishes for w — oo. It is then natural to consider the
following integral version of Egs. (A.2a) and (A.2b):

o — s_ g2 —5
Eyom= e 140 [ g (NG r

w I“éﬂ(s)e_s

We treat (A.3) as a fixed-point problem in a suitable analytic function
space.

Let £>0, (0, 1). For a=a(e, §) large enough, let S, , be the space
of complex analytic bounded functions on the domain D, , = {(w, B)e C*
Re(w)>a, Re(B)>e}. Consider the closed ball B;={feS,,: |f] <3},

where ||-|| denotes the sup norm on D, ,. Define the nonlinear operator T
on B; by
(Tg)(w, B)
=ﬁ—lew(1+ﬁ‘l) J-ood—ilm(w) e e~(1+,8*1)r (1 —tanh ‘C) e’ — gZ(T’ ﬁ) e "
w f— g(Ta B) e’

(A4)
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The above integral is absolutely convergent for ge B; and thus, by
Hartog’s theorem, (Tg)(-, -) is an analytic function in the couple (w, i) on
D, ,. It can be checked in a straightforward manner that, for large enough
o, T(B;) = B; and also that T is a contraction on Bj;.

Let then &  be the unique fixed point of T in B;. It can be seen from
(A.4) that T leaves invariant the closed subset R; < B; of the functions that
take real values for real f and w. Thus, & s € R; and since it satisfies (A.2a)
and (A.2b) for (real) f>e¢ and w>a, then fﬂ(w) =¢p(w) for
(w, B)e(a, ) x (&, 0). Therefore y; is real analytic on (0, 1)x (g, o).
Since ¢ is arbitrary, this concludes the proof. |i

Proof of Lemma 3.2. In the following we shall use some short-hand
notations such as y4(g) for y;o gﬂ“l(g) or yg(h) for ys(m(B, h)).

The key to the approach is the use of the projective variable g = y/x
in a kind of g-process in order to compare y; with the solutions j, of the
linearized equation in a neighborhood of x=0. The values of interest for
g are between g, =tanh . <infy. ; g4(2=0) and some g, > yj; (x =0), say
g1=1/2+1/8.

Define the function 7, by

1
Je(g)=[(g—12P +w*] " exp {55 l:arctan <

_ arctan ( é’——;i/—z)}} (AS)

with w = (f— f.)"*. Consider B,> f8,. For (i) we prove a stronger result,
namely:

(i) For all ge(go, &) and fe(f,, fol,
K; < yp(8)yp(g) <K, (A6)
where K| ,eR™ are §independent (but may depend on g,, g;, or ).
Proof. By (1.10)

g —w1 /2 )

&1 d’}) g1
log[ys(1—yp) 21288 =8 — v E (A
=g = e [ B )

with I'y(g)=(g~1/2)*+o* and Es(g)=fyj(e)lels(2) Iy(g)] " [see
(2.11)]. Noting that ys(g) < g,, the upper bound in (A.6) follows from the
positivity of E;. For the reverse inequality, we show, using an estimation
of E,, that

fgl dy Egly)<const  for (B, g)e(B., Bol (g0, &1)

822/59/5-6-29
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Let
~ d I's(g)

Eg(g) =21210g 'F“_‘B(g)

Since Ty<I'p and yg(g)<g it follows in a direct manner that
Eﬁ(g)>Eﬁ(g)/8 fOI' (g: B)E(O, gl)>< (ﬁc’ ﬁO] NOW9

[ dy Eyly) <1ogl T8,/ T5(8)] < const

g

The rightmost inequality follows for > . from the continuity of ys(g;) in
f and the positivity of I's(g,) [these, in turn, result from Lemma 2.3(iv)].

Let hy=inf{h: gg(h)= g }; ho>0 (by a compactness argument). Now,
inequality (A.6) works in terms of yp(h) for he [0, ho], proving (i). For the
proof of (i), we shall indicate the main steps, omitting the lengthy details.
Define

zy(h)=F(ys(h))  with F(t)= —}log(l~1?)

z, satisfies the more convenient equation
d
—5;/3=(10g cosh) ! z;— Bh (A8)

We shall use the equations in variations for z, in order to estimate
(0%/0B*) zp(h), ke N,

S b7, (A9)
y

with

and, for k> 1,

1 o

ak
244t = 335 Lo cosh) ™ 2,(1)) = 5 2o(h)

The initial conditions for (A.9), (6%/08*) zz(h,) are, by Lemma 3.1 and the
positivity of y(ho), real analytic functions in fe R™. More generally, let /g
be the solution in [0, #,] of the equation

d 1 .
Ei;wﬁ:y—ﬁ gt Ag with (ko) = ¥o(B) (A10)
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where Y o(f) is continuous in fe [B,, f,] and (h, B) > Ag(h) is continuous
on Dg,=[0, he] x(B,, Bo]- Assume further that for some const >0,

{A5(h)] <const - y,(h)

Then we have the following result.

Lemma A.1. For j, close enough to f, we have, with a f-inde-
pendent constant,

[¥p(h)] <const-w™’yz(h)  in Dy, (A11)

Proof. The solution of (A.10) is

_jh° dh' Ay(h')

h

o]
b =vpyex| =" ar |

X exp L—j: dh" yﬂ(lh”):] (A12)

Now,

jh' th 1 r gp(h') . 1
" = g
P yp(h") Jgaw I'y(g)

Reasoning as in the proof of (i') and using the results obtained there, it can
be verified that

rho const
dh” > 1o
l oy 8 2h)

and also that

oo , oo
J;, dh A/j(h )exp[——L di W]I

< const -~ ?yj(h) log

1
Vp(h)
< const-w yi(h) 1

As a consequence, for some sequences {f,},. in (B., Bo] and {p,}
in RY,

neN

I;B;zﬂ(h) <const, @ Py3(h) for (h B)eDy, neN (Al3)
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(A.13) is proved inductively, noting that Z;, depends only on the
(6//0B7) zy with j<k—1 and using Lemma A.1 and the real analyticity of
t~'21og cosh ¢ for the needed estimations. Now relation (3.6) follows in an
obvious way. |

Remark. The factor @ =3 in Lemma A.1 is optimal. This can be used
to show that the derivatives in f of y; and j; for h=h, have the same
asymptotic behavior.
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